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outline

the family virtual double the family
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categories VDCs
generalising the a New view on generation
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with span indexing
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the category of families (é\a

B
for o c,u(-,e,aorg C , ram(t) 1€ cle,(-‘uhul 7- (.Cé/!\/_f

» objects [I,z.c) where T is a Set and

x 1s ap L-indexed fam’ly of objects 1a T,

» arrows (to, V)¢ [1,25)—* (3,9) - I—T

o\ [uncLion amo\ Fi : 2;———) j{oli\ Q¢ rowS T, t
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the category of families (é\a

for o category C, Fam(8)ic defmed : (\\\ P
» objects (T,x) where T is a St and

x 1s ap L-indexed fam’ly of objects 1a T,

» arrous (B, L) ll,gs)—* (3,8) 178,

afuvaction and [j: =

&m——, Y acrows in C.
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E has copreducts,

Q.XlSE.S' QA unliue (ur to iSO)

l?: ram( €)—E

preserving coproduct s

the family construction is the
free coproduct completion.
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the coproduct of families is inherited from Set.

3¢ F&:(C) —— Faml(?)
LIA; =)

iclL

({o,Fc)i l l l [fo;] , 'rq:_ )
(7.(8, ¥))— (er’j,g.)
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families — coproducts

C has coproducts if and only if &. € — Fam(€)
hasa Left adjoiat a-a

P>

'C[-L\Fa\ml‘t)
A

O
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o‘dccés.x bo"P233L1°" of arrows
UAate s

afTows. x—>Y

(a, ._.-)L_.__);)——)J — G-——*L-——)c——)d,

wealk
b L] [
o"P2£i£1°"
WAL $

proo.rr OUS: & - |

ceLLs: of proar rous

X4+ Y
L]
Xy (@ b s} d ¥ a b sc—>d)

(pseudo) double categories
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virtual
double

categories
(VDCs)

objects, arrows,

multicells

[CS10] (LeiO ]
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virtual double categories
generalise double categories.
they are also a good place to

study formal category theory.
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double categories as VDCs

ever8 (Pscuie) cloula‘e. Oo.Le.JorJ , D can |:>e. viuecl as a

virtual doable cal.edorg, in tact,

DBL," s yDbL

1S o enbeeldin3 Fully lailkhful on 1-cells and 2-cells.
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example: categories of monoids

for a monoidal CaLe.JorJ (C.® ]_) e
we can G[QFMQ, l-.he Cd{,egorﬂ of ﬂOﬂatJS
inlernal Lo Cas Mon(L),

MOﬂ(t 1S a MONo! JQL CGLCJOTS

Oﬂlg £ C S bralolEo{

[ J586 )
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monoids internal to a VDC.

a monoid internal Lo D, (X, x,m,;n) consisls of:

®aa object, X, > a proarrow , oc: X,— X,
*a multiplication ba vnit ce”,
cell,

*associativiky
X. : x, = X. *uniknlibq

X, al
| ogm || //ﬂ‘v\\ axi ows !

X ——+— X, X—— X [ €510 ]
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example: virtual double category of monoids

—_—

for a virbual double caf.ejoi‘yﬂ),

We cad derc a Vtrf,ua( JOV,, “C

C.a(.e;org of Moo | d( ﬂonlﬂ)).
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family construction in virtual double categories,

pProarrows L -
L—A —J

Fam(D):= Fan(D), = Fam(D,) | |

D5~ B 7

P proarrons (A,ﬂ) : (I,‘I. ) —— (J',..'-:’.)
are Pamilies of proarrous My’ :(-(M“""_’ driay

1 ndexed by o span Tt AT J
[ Pat26a )
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families of cells  c!'s o=

lA M ) (At 'H\ lA.'M \
’F *(ﬂ)) e (‘[,x.\—l——) (‘I.,'-x \__,_3 ' - -|—~—)|-[‘n x.)
am (F,4 l o 1(3,3.)
ljo,ﬂo) R (Ju,SJ
(B,n)

Families of cells

“\J ("1\ l“n)

(“"){ l1.)‘—""(x')t. ——= - “""‘"{"Cﬂ)goh) To e AknhAtr, % Av—> Ta
. °‘* l w] o [%
(4o)j, —————— 314, Jo B4

ﬂb -
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we can choose to index
by certain classes of
functions to give i
different kinds of |
product |

—_— — — —

20
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span indexing pair

stable: ; (L R), L, R € Jlor(su(Se('-))
r'J"J lr -
T i vt
({i)coprodqc{: 1M1 Uait:
Stable:
i o
Lo xux, U
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examples:
span
indexing
schemes

LRE fall,
sorj, 114,
bij, id, | ]

idg={idg idy), id, §
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(L,R)-famlly Foam ([D)La > Fa.-’."(m)mo Z Fam(Dg?
construction oroacrous (A,m):(T,x) — (T 4)
in virtual double
categories

are Pamilies of proarcous Mg Xyps — " Jra
| ndexed b'i o Span I“L‘A -'-—»J' / tel reR ,
pcells are Families of cells
X, —>X, =+ - '~ ———> Ay
hy,
indexed by a morphism o} spaans.
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H:aﬁ("),_’k : val vObl is

a (co) lax-iele.npol.e.nﬂ pseudoronad.
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colax-idempotent pseudomonads

— ,— —_ —_—

/b\, TT Ky l’h MO’\&J MUll‘iPLcd'iM'
D L Fam(p), isalso right adjomb to
_/ " the vaik of he monad A .
TT

[ kL97 |
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families in double categories

when D 45 a psevdo double category
“';n(lmm is a psevdo double category

"l@i\cl ""Ql'll-)LR fO.SLI'beS bo a monod

on Dbl )
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definition: (L,R)-products

'Y a:D— IFGM(D)LR has o rlﬂ‘l{- qdjo..,{- 'n' T
We Soy D has “- R\ Prodoc‘.s -

> TTx; ;= TT(x,x);

% o

» TTo, "= T(Am)

aCA
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example: parallel products; (id,id)-products

index b\'j //I\ 10 $ pan:

t ,s.9 s Y
N \9 X ¥ \3,

X,—+> Y, o
: LA TU P;
. ANANAAYN T" . T o T-r ) .

A3 -:I‘—b Y wl H wl % «“3. ‘“? S%8 \fS“'s 3G
: A Y& 3'
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example: prodiagonals

in a unibttal virlual 1A $P°".
douue CaLE&ofj lD, Sx:' --'-.f—.:x-eix
i X
m( 251, "ix)'-‘ §: =% |y ol

§ (€ C%x € — Set

;r T (S ﬂofﬂlal -@ 1“"?'7-' Tr,x {hen
((x, 3).2) = honl lac.gl,(%,z\)

-, T WV "

5: ;‘ 'l‘\e coﬂP““|°ﬂ ol‘ A:: 3 ) x'l



AARON HUNTLEY

TOPOS INSTITUTE

example: other products

braiding

O
q

A=2—*Q

o;s- Xy = van

R
g

projection

2¢ 1 =1

x~——'—ﬁ\§fr

O—— X

deletion /creation

|
1¢20=0 | 0= 0<1

€ -1 € 1 -

32
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3enerabe
F’miLe n-(-'ol.d

products

X"x : 1 ANAANANMNNN) XX *X
indvet on
e (ix =X)

generation theorems
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1n a virtual doalLe Cateﬂors;

3enerate
bzaarg & nollu{j FiﬂiLe‘w-FoLd
ANNSANS NV Y e e T
parallel parallel
pi‘oclw.(.s products
P, "Pz 1 Pix-o-XPn
A, —+—rYpy, , 1421 VANV e XX YA X Y
indve t on
X, Y,
R | X x oy,
LD X
A —4+>Y

[ 0 Ne=)
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